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ABSTRACT 


In this paper we study the regularity of inside(or outside) (0; @ )-derivations 
in p-semi simple BCIK - algebra X and prove that let di, @): X —>X be an 
inside ( 0, @ )-derivation of X. If there exists ae X such that dc @, b)(x) * O(a) in 
= 0, then d(@, Q) is regular for all xe X. It is also show that if X is a BCIK- 
algebra, then every inside(or outside) (0,@)-derivation of X is regular. 
Furthermore the concepts of @- ideal, @-ideal and invariant inside (or 
outside) ( @, @ )-derivation of X are introduced and their related properties are 


investigated. Finally we obtain the following result: If d(@,@): X —X is an 
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outside ( 8, @ )-derivation of X, then d; 0, @) is regular if and only if every @ - 


ideal of X is dO, @ )-invariant. 
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1. INTRODUCTION 

This In 1966, Y. Imai and K. Iseki [1,2] defined BCK - algebra 
in this notion originated from two different sources: one of 
them is based on the set theory the other is form the classical 
and non - classical propositional calculi. In 2021 [6], S 
Rethina Kumar introduce combination BCK-algebra and 
BCI-algebra to define BCIK-algebra and its properties and 
also using Lattices theory to derived the some basic 
definitions, and they also the idea introduced a regular f- 
derivation in BCIK-algebras. We give the Characterizations f- 
derivation p-semi simple algebra and its properties. In 
2021[4], S Rehina Kumar have given the notion of t- 
derivation of BCIK-algebras and studied p-semi simple 
BCIK—algebras by using the idea of regular t-derivation in 
BCIK-algebras have extended the results of BCIK-algebra in 
the same paper they defined and studied the notion of left 
derivation of BCIK-algebra and investigated some properties 
of left derivation in p-semi simple BCIK-algebras. In 2021 
[7], S Rethina Kumar have defined the notion of Regular left 
derivation and generalized left derivation determined by a 
Regular left derivation on p-semi simple BCIK-algebra and 
discussed some related properties. Also, In 2021 [3,4,5], S 
Rethina Kumar have introduced the notion of generalized 
derivation in BCI-algebras and established some results. 


The present paper X will denote a BCIK-algebra unless 
otherwise mentioned. In 2021[3,4,5,6,7], S Rethina Kumar 
defined the notion of derivation on BCIK-algebra as follows: 
A self-map d: X — Xis called a left-right derivation (briefly 
on (1, r)-derivation) of X if d(x * y) = d(x) *y A x*d(y) holds 
for all x, y € X. Similarly, a self-map d: X —X is called a 


Research and Development Journal. This 
is an Open Access article distributed 


under the terms of 
the Creative 
EY 


Commons Attribution 


License (CC BY 4.0) 
(http://creativecommons.org/licenses/by/4.0) 


right-left derivation (briefly an (r, 1)-derivation) of X if d(x * 
y)=x*d(y) A d(x) *y holds for all x, ye X. Moreover if d is 
both (I, r)-and (r, 1)-derivation, it is a derivation on X. 
Following [3,4,5,6], a self-map dg X — Xis said to bea right- 
left f-derivation or an (I, r)-f-derivation or an (I, r)-f- 
derivation of X if it satisfies the identity ds (x * y) = dr(x) * 
f(y) A f(x) * dry) for all x, y € X. Similarly, a self-map dg: X 
—>X is said to be a right-left f-derivation or an (r, 1)-f- 
derivation of X if it satisfies the identity dr (x * y) = f(x) * 
di(y) A de(x) * f(y) for all x, y © X. Moreover, if dr is an f- 
derivation, where f is an endomorphism. Over the past 
decade, a number of research papers have been devoted to 
the study of various kinds of derivations in BCIK-algebras 
(see for [3,4,5,6,7] where further references can be found). 


The purpose of this paper is to study the regularity of inside 
(or outside) (0, @ )-derivation in BCIK-algebras X and their 
useful properties. We prove that let dc @,@): X —>X be an 
inside (0, @ )-derivation of X and if there exists a € X such 
that dc 8, @)(x)(x) * O(a) = 0, then d( 8, @ jis regular for all x 
€ X. It is derivation of X is regular. Furthermore, we 
introduce the concepts of 0-ideal, @ -ideal and invariant 


inside (or outside) (0, @ )-derivation of X and investigated 
their related properties. We also prove that ifd( @, p):X —X 
is an outside ( 0, @ )-derivation of X, then d( 0, @) is regular if 
and only if every 0 -ideal of X is d @, @) -invariant. 
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2. Preliminaries 

Definition 2.1: [5] BCIK algebra 

Let X be a non-empty set with a binary operation * and a 
constant 0. Then (X, *, 0) is called a BCIK Algebra, if it 
satisfies the following axioms for all x, y, z € X: 


(BCIK-1) x*y = 0, y*x = 0, z*x = 0 this imply that x = y =z. 
(BCIK-2) ((x*y) * (y*z)) * (2*x) = 0. 

(BCIK-3) (x*(x*y)) *y =0. 

(BCIK-4) x*x = 0, y*y = 0, 2*z = 0. 

(BCIK-5) 0*x =0, 0*y = 0, 0*z = 0. 


For all x, y, z € X. An inequality < is a partially ordered set on 
X can be defined x < y if and only if 


(x"y) * (y*z) = 0. 


Properties 2.2: [5] I any BCIK - Algebra X, the following 
properties hold for all x, y, z € X: 


1. O€EX. 

2. x*0=x, 

3. x*0 =O implies x =0. 

4. O*(x*y) = (0*x) * (0*y). 

5. X*y=0 implies x =y. 

6. X*(0*y) = y*(0*x). 

7. O*(O*x) =x. 

8. x*y €Xandx € Ximply y €X. 
9. (x"y) *z= (xz) *y 


a 
i=) 


- X*(x*(x"y)) = x"y. 
- (xy) *(y*z) = x"y. 
. O<xsy forallx,y€X. 


PPR 
Wn 


. xsyimplies x*z < y*z and z*y < z*x. 


= 
iN 


. X*y <x. 


a 
uo 


. X*y<z@x*zsyforallx,y,z€X 


= 
ON 


. X*a = x*b implies a = b where a and b are any natural 
numbers (i. e).,a, b EN 

17. a*x=b*ximplies a=b. 

18. a*(a*x) =x. 

Definition 2.3: [4, 5, 10], Let X be a BCIK - algebra. Then, for 


all x,y,z EX: 
1. Xis called a positive implicative BCIK - algebra if (x*y) * 


Zz = (x*z) * (y*z). 

2. Xis called an implicative BCIK - algebra if x*(y*x) = x. 

3. Xis called a commutative BCIK - algebra if x*(x*y) = 
y*(y*x). 

4. Xis called bounded BCIK - algebra, if there exists the 
greatest element 1 of X, and for any 

5. x€X, 1*xis denoted by GG,, 


6. Xiscalled involutory BCIK - algebra, if for all x € X, GGx= 
xX. 


Definition 2.4: [5] Let X be a bounded BCIK-algebra. Then 
for all x, y € X: 


Theorem 2.5: [5] Let X be a bounded BCIK-algebra. Then for 
any x, y EX, the following hold: 

1. Xisinvolutory, 

2. x*y=Gy* G, 

3. x*Gy=y*G, 

4, xsGyimplies y < G,. 

Theorem 2.6: [5] Every implicative BCIK-algebra is a 
commutative and positive implicative BCIK-algebra. 


Definition 2.7: [4,5] Let X be a BCIK-algebra. Then: 

1. Xis said to have bounded commutative, if for any x, y € 
X, the set A(x,y) = {t € X: t*x < y} has the greatest 
element which is denoted by x oy, 

2. (X, *, s) is called a BCIK-lattices, if (X, <) is a lattice, 
where ¢ is the partial BCIK-order on X, which has been 
introduced in Definition 2.1. 


Definition 2.8: [5] Let X be a BCIK-algebra with bounded 
commutative. Then for all x, y, z € X: 

1. ysxo (y*x), 

2. (xoz)*(yoz)sx’y, 

3. (x*y) *z=x*(y oz), 

4. Ifxsy,thenxozsyoz, 

5. ZXSy@ZSxoOy. 

Theorem 2.9: [4,5] Let X be a BCIK-algebra with condition 
bounded commutative. Then, for all x, y, z € X, the following 
are equivalent: 

1. Xisa positive implicative, 

x<yimplies xoy=y, 

XOX=xX, 

(xo y) * z= (x*z) 0 (y*z), 

xoy=xo(y*x). 

heorem 2.10: [4,5] Let X be a BCIK-algebra. 

If X is a finite positive implicative BCIK-algebra with 


bounded and commutative the (X, s) is a distributive 
lattice, 


aa oe ws 


2. IfXis a BCIK-algebra with bounded and commutative, 
then X is positive implicative if and only if (X, <) is an 
upper semi lattice with x v y=xoy, for any x, y E X, 

3. IfXis bounded commutative BCIK-algebra, then BCIK- 
lattice (X, <) is a distributive lattice, where x a y = 
y*(y*x) and x v y= G(Gx a Gy). 


Theorem 2.11: [4,5] Let X be an involutory BCIK-algebra, 
Then the following are equivalent: 

1. (X,s) isa lower semi lattice, 

2. (X,<) is an upper semi lattice, 

3. (X,s) isa lattice. 

Theorem 2.12: [5] Let X be a bounded BCIK-algebra. Then: 


1. every commutative BCIK-algebra is an involutory BCIK- 
algebra. 


2. Any implicative BCIK-algebra is a Boolean lattice (a 
complemented distributive lattice). 





1. €1=OandG0=41 Theorem 2.13: [5, 11] Let X be a BCK-algebra, Then, for all 
2. GGxs x that GGx = G(G) x, y, z EX, the following are equivalent: 
5 G ae oe ee 1. Xis commutative, 
. Gx* Gys y*x, 
4. ys<x Gielies Gx < Gy, ae BYE): 
5. Gy = Gyrx 3. x*(x*y) =y*(y*(x*(x*y))), 
6. GGGx= Gx. 4. xsy implies x = y*(y*x). 
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3. Regular Left derivation p-semi simple BCIK-algebra 
Definition 3.1: Let X be a p-semi simple BCIK-algebra. We 
define addition + as x + y = x*(0*y) for all 


x, y EX. Then (X, +) be an abelian group with identity 0 and x 
-y = x*y. Conversely, let (X, +) be an abelian group with 
identity 0 and let x - y =x*y. Then X is a p-semi simple BCIK- 
algebra and x + y = x*(0*y), 


for all x, y € X (see [6]). We denote x -y=y*(y*x),0*(0* 
X) =ax and 
L ,(X) = {a € X /x* a= 0 implies x =a, for all x € X}. 


For any x € X. V(a) = {a € X /x* a= O}is called the branch of 
X with respect to a. We have 


x *y€V (a*b), whenever x € V(a) and y € V(b), for all x,y € 
X and alla, b EL ,(X), for 0 * (0 * ax) = ax which implies that ax 
*y EL ,(X) for ally € X. It is clear that G(X) C L,(X) and x* 
(x*a)=aand 


a*x €L,(X), for alla € L p(X) and all x EX. 


Definition 3.2: ([5]) Let X be a BCIK-algebra. By a (l, r)- 
derivation of X, we mean a self d of X satisfying the identity 


d(x * y) = (d(x) *y)A (x* d(y)) forall x,y EX. 
If X satisfies the identity 

d(x * y) = (x * d(y)) A (d(x) * y) for all x, y EX, 
then we say that d is a (r, 1)-derivation of X 


Moreover, if d is both a (r, 1)-derivation and (r, ])-derivation 
of X, we say that d is a derivation of X. 


Definition 3.3: ([5]) Aself-map d ofa BCIK-algebra X is said 
to be regular if d (0) = 0. 


Definition 3.4: ([5]) Let d bea self-map ofa BCIK-algebra X. 
An ideal A of X is said to be d-invariant, if d(A) = A. 


In this section, we define the left derivations 


Definition 3.5: Let X be a BCIK-algebra By a left derivation 
of X, we mean a self-map D of X satisfying 


D(x * y) = (x* D(y)) A (y* D(x)), for all x, y € X. 


Example 3.6: Let X = {0,1,2} be a BCIK-algebra with Cayley 
table defined by 





* 











NlR|o!;}o 
NlO;O}]FR 
COIN IN]N 


0 
1 
2 




















Define a map D: X —>X by 


2ifx = 0,1 
D(x) = 
Oifx = 2. 


Then it is easily checked that D is a left derivation of X. 


Proposition 3.7: Let D bea left derivation ofa BCIK-algebra 
X. Then for all x, y € X, we have 

1. x*D(x)=y*D(y). 

2 D(x) = aD(x) «x: 

3. D(x) =D(x) A x. 

4, D(x) €L,(X). 


Proof. 
(1) Let x, y € X. Then 
D(0) = D(x * x) = (x * D(x)) A (x* D(x)) =x * D(x). 


Similarly, D(0) = y * D(y). So, D(x) = y * D(y). 
2) Let x € X. Then 

D(x) = D(x * 0) 

= (x*D(0)) A (0 * D(X) 

= (0 * D(x)) * ((0 * D(x) * («* D(O))) 

S 0* (0* (x* D()))) 

= 0*(0* (x* (x* D(X)))) 

= 0*(0* (D(x) A x)) 

= AaD(x) «x 

Thus D(x) Sapog «x. But 

ap) x = 0(0 * (D(x) A x)) S D(x) A x S D(x). 
Therefore, D(x) = apg x. 


(1) Let x € X. Then using (2), we have 

D(x) = apg x S D(x) A x. 

But we know that D(x) A x S D(x), and hence (3) holds. 
(2) Since ax € L p(X), for all x € X, we get D(x) € L p(X) by 
(2). 

Remark 3.8: Proposition 3.3(4) implies that D(X) is a subset 
of L p(X). 


Proposition 3.9: Let D bea left derivation of a BCIK-algebra 
X. Then for all x, y € X, we have 

1. Y*(y*D(x)) = D(x). 

2. D(x) *y €L,(X). 

Proposition 3.10: Let D be a left derivation of a BCIK- 
algebra of a BCIK-algebra X. Then 

1. D(0)€L,(X). 

D(x) = 0 + D(x), for all x € X. 

D(x + y) =x + D(y), for all x, y EL p(X). 

D(x) =x, for all x € X if and only if D(0) = 0. 

D(x) € G(X), for all x € G(X). 

roof. 

Follows by Proposition 3.3(4). 


NPD YA Bae fh 


Let x € X. From Proposition 3.3(4), we get D(x) = apc, so 
we have 
D(x) = apg = 0 * (0 * D(x)) = 0 + D(x). 


3. Letx,y €L,(X). Then 

D(x + y) = D(x* (0 *y)) 

=(x*D(O*y)) A ((0*y) * D(x) 

= ((0 * y) * D(x)) * (((0 * y) * D(x) * (x * D(O * y))) 
=x*D(0*y) 

=x*((0*D(y)) 4 (y*D(0))) 

=x*D(0*y) 

=x*(0* D(y)) 

=x+D(y). 


4. Let D(0) = 0 and x € X. Then 

D(x) = D(x) A x=x* (x* D(x)) = x* D(0) =x * 0=x. 
Conversely, let D(x) = x, for all x € X. So it is clear that D(0) = 
0. 


5. Let x € G(x). Then 0 *=xand so 
D(x) = D(0 * x) 
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= (0* D(x)) A (x* D(O)) 

= (x * D(0)) * ((x* D(O)) * (0 * D(x) 

= 0 * D(x). 

This give D(x) € G(X). 

Remark 3.11: Proposition 3.6(4) shows that a regular left 


derivation of a BCIK-algebra is the identity map. So we have 
the following: 


Proposition 3.12: A regular left derivation of a BCIK-algebra 
is trivial. 

Remark 3.13: Proposition 3.6(5) gives that D(x) EG(X) CL 
p(X). 

Definition 3.14: An ideal A of a BCIK-algebra X is said to be 
D-invariant if D(A) CA. 

Now, Proposition 3.8 helps to prove the following theorem. 


Theorem 3.15: Let D be a left derivation of a BCIK-algebra X. 
Then D is regular if and only if ideal of X is D-invariant. 


Proof. 
Let D be a regular left derivation of a BCIK-algebra X. Then 
Proposition 3.8. gives that D(x) = x, for all 


x € X. Let y € D(A), where A is an ideal of X. Then y = D(x) for 
some x € A. Thus 


Y *x=D(x)*x=x*x=0€A. 
Then y €A and D(A) CA. Therefore, A is D-invariant. 


Conversely, let every ideal of X be D-invariant. Then D({0}) 
Cc {0} and hence D(0) and D is regular. 


Finally, we give a characterization of a left derivation ofa p- 
semi simple BCIK-algebra. 


Proposition 3.16: Let D be a left derivation of a p-semi- 
simple BCIK-algebra. Then the following hold for all x, y € X: 
1. D(xk*y)=x*D(y). 

2. D(x)*x=D(y)*Y. 

3. D(x) *x=y*D(y). 

Proof. 

1. Letx, y€ X. Then 

D(x* y) = (x* D(y)) 4 4 (y * D(x) = x* Dy). 

2. Weknow that 

(x *y) * (x* D(y)) S$ D(y) *y and 

(y * x) * (y * D(x)) S$ D(x) *x. 

This means that 

((x* y) * (k* D(y))) * (DY) * y) = 0, and 

((y * x) * (y * DQ) * (DGX) * x) = 0. 

So 

((x* yy) * (x* D(y))) * (DW) * y) = (y* x) * (y * DG) * B®) 
*x). () 

Using Proposition 3.3(1), we get, 

(x *y) * D(x * y) = (y * x) * D(y * x). (I) 

By (I), (IJ) yields 

(x *y) * (x * D(y)) = (y * x) * (y * D(X). 

Since X is a p-semi simple BCIK-algebra. (I) implies that 
D(x) * x= D(y) *y. 

3. We have, D(0) = x * D(x). From (2), we get D(0) * 0 = 


D(y) *y or D(0) = D(y) *y. 
So D(x) *x=y * D(y). 


Theorem 3.17: Ina p-semi simple BCIK-algebra X a self-map 
D of Xis left derivation if and only if and if it is derivation. 


Proof. 

Assume that D is a left derivation of a BCIK-algebra X. First, 
we show that D is a (r, 1)-derivation of X. Then 
D(x*y)=x*D(y) 

= (D(x) * y) * (D(X) * Y) * (x * D(y))) 

= (x *D(y)) A (D&) *y). 

Now, we show that D is a (r, 1)-derivation of X. Then 
D(x* Y) = x* D(y) 

= (x *0) * D(y) 

= (x * (D(0) * D(0)) * D(y) 

= (x * ((x * D(x)) * (Dy) * y))) * DU) 

= (x * (x * D(y)) * (D) * y))) * DU) 

= (x * D(y) * ((k * D(y)) * (D&) * Y) 

= (D(x) *y) A (x*D{y)). 


Therefore, D is a derivation of X. 


Conversely, let D be a derivation of X. So it is a (r, l)- 
derivation of X. Then 

D(x* y) = (k* D(y)) A (D@) *y) 

= (DQ) *y) * ((D) *y) * &* DW) 

=x *D(y) = (y * D(x)) * ((y * D(x) * &* D(y))) 

= (x *D(y)) 4 (y * DOx). 


Hence, D is a left derivation of X. 


4. t-Derivations in BCIK-algebra /p-Semi simple BCIK- 
algebra 

The following definitions introduce the notion of t-derivation 

for a BCIK-algebra. 


Definition 4.1: Let X be a BCIK-algebra. Then for t € X, we 
define a self-map di: X —X by di(x) =x *t 


for all x E X. 


Definition 4.2: Let X bea BCIK-algebra. Then for anyt €X,a 
self-map di: X — Xis called a left-rifht t-derivation or (l,r)-t- 
derivation of X if it satisfies the identity di(x * Y) = (d(x) * y) 
A (x* di(y)) for all x, y € X. 


Definition 4.3: Let X be a BCIK-algebra. Then for anyt €X,a 
self-map dt: X — Xis called a left-right t-derivation or (I, r)-t- 
derivation of X if it satisfies the identity di(x * y) = (x * di(y)) 
A (di (x) * y) for all x, y € X. 


Moreover, if dis both a (1, r)and a (r, 1)-t-derivation on X, we 
say that dis a t-derivation on X. 


Example 4.4: Let X = {0,1,2} be a BCIK-algebra with the 
following Cayley table: 





* 








2 
2 
2 





N]R|o 
NlR|o;}o 
NlO;Ool}]rR 


0 




















For any t € X, define a self-map di: X > X by di(x) =x * t for 
all x € X. Then it is easily checked that dt is a t-derivation of X. 


Proposition 4.5: Let d; be a self-map of an associative BCIK- 
algebra X. Then dt is a (I, r)-t-derivation of X. 


Proof. Let X be an associative BCIK-algebra, then we have 
di(x *y) = (x* y) 

= {x *(y *t)} *0 

= {x *(y * t)} * [{x* (y * t)} {x * (y *t)}] 

= {x *(y * t)} * [{x* (y *t)} * {x *y) * B] 
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={x*(y * 0} * [x *(y* OFT {&* 0 *y}] 
=((k* 0 *y) A &*y*D) 
= (d(x) *y) A (x* de(y)). 


Proposition 4.6: Let d; be a self-map of an associative BCIK- 
algebra X. Then, d; is a (r, 1)-t-derivation of X. 


Proof. Let X be an associative BCIK-algebra, then we have 
di(x *y) = (x*y)*t 

= {(x*t) *y} *0 

= {(x*t) *y} *[{(k* 0) *y} *{(k*t) *y)] 

= {(x *t) *y} * [{(x* t) * y} * {(k* y) * Bh] 

= {(x*t) *y} * [{(x* t) * y} * {x* (y * OH] 

=(x*(y*t)) A (k*t)*y) 

= (x*di(y)) A (dilx) * y) 


Combining Propositions 4.5 and 4.6, we get the following 
Theorem. 


Theorem 4.7: Let d, be a self-map of an associative BCIK- 
algebra X. Then, d; is a t-derivation of x. 


Definition 4.8: A self-map d; of a BCIK-algebra X is said to be 
t-regular if d,(0) = 0. 


Example 4.9: Let X = {0, a, b} be a BCIK-algebra with the 
following Cayley table: 
































*/O0}alb 
0/0)0]b 
a}la|0Oj}b 
b}|b|b/0 
1. Foranyt€ X, define a self-map di: X > X by 
bifx=O0,a 
di(x) =x*t= . 
Oif x=b 


Then it is easily checked that d; is (I, r) and (r, 1)-t- 
derivations of X, which is not t-regular. 


2. For any t € X, define a self-map d’t: X RX by 
di’(x) =x*t=O0ifx=0,a, bifx=b. 


Then it is easily checked that d;’ is (1, r) and (r, 1)-t- 
derivations of X, which is t-regular. 


Proposition 4.10: Let d; be a self-map of a BCIK-algebra X. 

Then 

1. Ifdtisa (I, r)-t- derivation of x, then di(x) = di(x) A x for 
all x € X. 

2. Ifdisa (r, l)-t-derivation of X, then di(x) = x A di(x) for 
all x € X if and only if d; is t-regular. 


Proof. 

1. Let d: be a (I, r)-t-derivation of X, then 
d(x) = di(x * 0) 

= (di(x) *0) A (x* di(0)) 

=di(x) A (x* d:(0)) 

= {x * di(0)} * [{x * di(O)} * di(x)] 

= {x * di(O)} * [{x * di(x)} * di(0)] 

<x * {x * di(x)} 

= d(x) A x. 

But d(x) A x <d:(x) is trivial so (1) holds. 
2. Letd, bea (r,1)-t-derivation of X. If de(x) =x <d(x) then 
d(0) =0 A d,(0) 

= di(0) * { di(O) * 0} 

= d,(0) * di(0) 

=0 


Thereby implying d; is t-regular. Conversely, suppose that d; 
is t-regular, that is di(0) = 0, then we have 

di(0) = di(x * 0) 

= (x*de(0)) A (d(x) * 0) 

= (x *0) A di(x) 

=x Ad,(x). 


The completes the proof. 


Theorem 4.11: Let d; be a (l, r)-t-derivation of a p-semi 

simple BCIK-algebra X. Then the following hold: 

1. di(0) = di(x) * x for all x € X. 

2. dis one-One. 

3. Ifthere is an element x € X such that d;(x) = x, then dt is 
identity map. 

4. Ifx <y,then d(x) <d:(y) for all x,y EX. 


Proof. 

1. Let d: be a (I, r)-t-derivation of a p-semi simple BCIK- 
algebra X. Then for all x € X, we have 

x *x=0Oandso 

d.(0) = di(x * x) 

= (di(x) * x) A (x* di(x)) 

= {x * de(x)} * [Ox * de(x)} * {de(x) * xP] 

= d(x) * x 

2. Letdi(x) =di(y) >x*t=y *t, then we havex=y and so 
d; is one-one. 


3. Let d; be t-regular and x € X. Then, 0 = d:(0) so by the 
above part(1), we have 0 = d:(x) * x and, we obtain d;(x) 
= x for all x € X. Therefore, d, is the identity map. 


4. Itis trivial and follows from the above part (3). 
Let x < y implying x * y = 0. Now, 

di (x) * de(y) = (x *t) * (y *t) 

=x* y 

=0. 


Therefore, d:(x) <d:(y). This completes proof. 


Definition 4.12: Let d, be a t-derivation ofa BCIK-algebra X. 
Then, d; is said to be an isotone t-derivation ifx < y > d(x) 
<d,(y) for all x, y € X. 


Example 4.13: In Example 4.9(2), di’ is an isotone t- 
derivation, while in Example 4.9(1), dt is not an isotone t- 
derivation. 


Proposition 4.14: Let X be a BCIK-algebra and d; be a t- 

derivation on X. Then for all x, y € X, the following hold: 

1. Ifdi(x A y) = d(x) di(x) di(x), then d: is an isotone t- 
derivation 


2. If d(x A y) = d(x) * di(y), then di is an isotone t- 
derivation. 


Proof. 

1. Letdi(x A y) = d(x) A d(x). Ifx S$ y > x A y=x for 
all x, y € X. Therefore, we have 

di(x) = di(x A y) 

= di(x) A di(y) 


Henceforth d(x) <d:(y) which implies that d; is an isotone t- 
derivation. 


Let d(x * y) = d(x) * de(y). Ifx S$ y > x* y=0forallx,y€X. 
Therefore, we have 

di(x) = di(x * 0) 

= de{x * (x * y)} 
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= d(x) * di(x * y) 
= d(x) * { di(x) * di(y)} 


Thus, d:(x) <d:(y). This completes the proof. 


Theorem 4.15: Let d; be a t-regular (r, 1)-t-derivation of a 
BCIK-algebra X. Then, the following hold: 

1. d(x) S x forall x €X. 

2. d(x) *y <x *di(y) for all x, y EX. 

3. d(x * y) = de(x) * y Sde(x) * diy) for all x, y € X. 

4. Ker(d,) = {x € X: di(x) = 0} is a sub algebra of X. 


Proof. 

1. Foranyx€xX, 

we have d;(x) = di(x * 0) = (x * di(0)) A (di(x) * 0) = (x * 0) 

A (de(x) *0) =x A di(x) <x. 

2. Since d:(x) S x for all x € X, then d(x) *y S x*y < x* 
di(y) and hence the proof follows. 


3. For any x, y € X, we have 

di(x *y) = (x* dily)) A (de(x) * y) 

= {de(x) * y} * [{fde(x) * y} * tx * de(x)}] 

= {di(x) * y} * 0 

= dt(x) * y Sde(x) * d(x). 

4, Letx,y €ker (di) = di(x) = 0 = di(y). From (3), we have 
di(x * y) <d:(x) * de(y) = 0 * 0 = 0 implying d(x * y) < 0 
and so di(x * y) = 0. Therefore, x * y € ker (dt). 
Consequently, ker(d:) is a sub algebra of X. This 
completes the proof. 


Definition 4.16: Let X be a BCIK-algebra and let di,d;’ be two 
self-maps of X. Then we define 


dr 0 dy’: X 9X by (dro di’)(x) = de(de’(x)) for all x € X. 


Example 4.17: Let X = {0, a, b} be a BCIK-algebra which is 
given in Example 4.4. Let d; and d;’ be two 


self-maps on X as define in Example 4.9(1) and Example 
4.9(2), respectively. 


Now, define a self-map d; 0 dt’: X > X by 
Oif x=a,b 
bif x=0. 


Then, it easily checked that (di 0 di’) (x) = di(dr’(x)) forall x€ 
X. 


(dio de’)(x) = | 


Proposition 4.18: Let X be a p-semi simple BCIK-algebra X 
and let di, de’ be (1, r)-t-derivations of X. 


Then, d; o dy’ is also a (I, r)-t-derivation of X. 


Proof. Let X be a p-semi simple BCIK-algebra. d; and d)’ are (I, 
r)-t-derivations of X. Then for all x, y € X, we get 

(deo de’) (x *y) = de(de'(xy)) 

= di[(de'(x) “y) A &* diy] 

= di[(x* de'(y)) * {x * diy) * (dG) * yD} 

= di(de'(x) * y) 

= {x * de(de'(y))} * [fx * de(de'(y))} * {de(de'X) * y)}] 
={de(de(x) *y)} A {x* de(de'(y))F 

= ((di 0 de)(x) *y) A (x* (dio de)(y)). 


Therefore, (dt 0 di’) is a (I, r)-t-derivation of X. 


Similarly, we can prove the following. 


Proposition 4.19: Let X be a p-semi simple BCIK-algebra 
and let di,di’ be (r, 1)-t-derivations of X. Then, di 0 di’ is alsoa 
(r, 1)-t-derivation of X. 


Combining Propositions 3.18 and 3.19, we get the following. 


Theorem 4.20: Let X be a p-semi simple BCIK-algebra and 
let did,’ be t-derivations of X. Then, dt o d;’ is also a t- 
derivation of X. 


Now, we prove the following theorem 


Theorem 4.21: Let X be a p-semi simple BCIK-algebra and 
let did,’ be t-derivations of X. 
Then dt oO d = d, oO dt. 


Proof. Let X be a p-semi simple BCIK-algebra. d; and d’, t- 
derivations of X. Suppose d;’ is a 

(I, r)-t-derivation, then for all x, y € X, we have 
(di o de’) (x *y) = di(di’(x * y)) 

= di[(di'(x) *y) A (x* di(y))] 

= di[(x * di’(y)) * {(k * di(y)) * (di'(X) * y)}H] 

= di(de'(x) * y) 

As dis a (r, 1)-t-derivation, then 

= (di'(x) * di(y)) A (di(de'(x)) * y) 

= di’ (x) * di(y). 

Again, if d, is a (r, 1)-t-derivation, then we have 
(di 0 de’) (x *y) = de[di(x * y)] 

= de [(k *di(y)) A (di(x) *y)] 

= di’ [x * diy)] 

But d; is a (I, r)-t-derivation, then 

= (di'(x) * di(y)) A (x * di’(dily)) 

= di’ (x) * diy) 

Therefore, we obtain 

(di 0 di’) (x *y) = (dr 0 di) (x *y). 


By putting y = 0, we get 
(di o di’) (x) = (de 0 di) (x) for all x EX. 


Hence, d; o d;’ = dt’ o di. This completes the proof. 


Definition 4.22: Let X be a BCIK-algebra and let di,d:’ two 
self-maps of X. Then we define d; * di’: X > X by (dt * di’) (x) = 
di(x) * di’(x) for all x € X. 


Example 4.23: Let X = {0, a, b} be a BCIK-algebra which is 
given in Example 3.4. let dt and d;’ be two 


Self-maps on X as defined in Example 4.9 (1) and Example 
4.10 (2), respectively. 


Now, define a self-map di * di’: X—>X by (di * di’)(x) = 
Oif x=a,b 
bif x=0. 
Then, it is easily checked that (dt * di’) (x) = di(x) * di’(x) for 
allx EX. 


Theorem 4.24: Let X be a p-semi simple BCIK-algebra and 
let did,’ be t-derivations of X. 


Then dt * d? = d, * dt. 


Proof. Let X be a p-semi simple BCIK-algebra. di and dy’, t- 
derivations of X. 


Since d;’ is a (r, 1)-t-derivation of X, then for all x, y € X, we 
have 
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(di o de’) (x *y) = di(di’(x * y)) 
= di[(x* d’'(y)) A (dC) *y)] 
- di[(x . de’(y)] 


But diis a (I, r)-r-derivation, so 


= (di(x) *di'(y)) A (k* di(di'(y)) 
= d(x) * de’(x). 


Again, if dy’ is a (1, r)-t-derivation of X, then for all x, y € X, we 
have 

(dt o de’) (x *y) = di[de’(x * y)] 

= di[(de’(x) *y) A (x* de'(y))] 

= di[(x * de’(y)) * {(k * de’(y)) * (de’(x) * y)H] 

= di(de’(x) * y). 


As dis a (r, 1)-t-derivation, then 

= (de'(x) * dify)) A (di(di’(x)) * y) 

= di’ (x) * di(y). 

Henceforth, we conclude 

di(x) * de'(y) = de’(x) * diy) 

By putting y =x, we get 

di(x) * de’(x) = di’(x) * dix) 

(di * de’) (x) = (de’ * di) (x) for all x € X. 

Henced; * d;’ = d;’ * dt. This completes the proof. 


5. f-derivation of BCIK-algebra 
In what follows, let be an endomorphism of X unless 
otherwise specified. 


Definition 5.1: Let X be a BCIK algebra. By a left f-derivation 
(briefly, (1, r)-f-derivation) of X, a self-map de (x * y) = (dr (x) * 
f(y)) A (f(x) * dr (y)) for all x, y € X is meant, where f is an 
endomorphism of X. If drsatisfies the identity ds (x * y) = (f(x) 
* de (y)) A (de (x) * f(y)) for all x, y € X, then it is said that dr 
is a right-left f-derivation (briefly, (r, 1)-f-derivation) of X. 
Moreover, if dris both an (r, 1)-f-derivation, it is said that dris 
an f-derivation. 


Example 5.2: Let X = {0,1,2,3,4,5} be a BCIK-algebra with the 
following Cayley table: 
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Define a Map dy: X — X by 


2 £=0,1, 
_ O otherwise, 


and define and endomorphism f of X by 


pan (28200 


O otherwise, 


That it is easily checked that dy is both derivation and f- 
derivation of X. 


Example 5.3: Let X be a BCIK-algebra as in Example 2.2. 
Define a map ds: X — X by 


Then it is easily checked that dr is a derivation of X. 

Define an endomorphism f of X by 

f(x) = 0, for allx € X. 

Then dris not an f-derivation of X since 

dy (2 * 3) = de (0) = 2, 

but 

(de (2) * £(3)) A (£(2) * de (3)) = (0*0) A (0*0) =0 A 0=0, 
And thus d¢ (2 * 3) 4 (de (2) * f(3)) A (f(2) * de (3)). 


Remark 5.4: From Example 5.3, we know that there is a 
derivation of X which is not an f-derivation X. 


Example 2.5: Let X = {0,1,2,3,4,5} be a BCIK-algebra with the 
following Cayley table: 
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Define a map dp: X — X by 
0 if x=0,1, 
2 if x=2,4, 
3 if x=3,5, 


de (x) = 


and define an endomorphism f of X by 
0 if x=0,1, 
2 if x=2,4, 
3 if x=3,5, 


f (x) = 


Then it is easily checked that dy is both derivation and f- 
derivation of X. 


Example 5.6: Let X be a BCIK-algebra as in Example 5.5. 
Define a map ds X — X by 


0 if x=0,1, 
2 if x=2,4, 
3 if x=3,5, 


de (x) = 


Then it is easily checked that dris a derivation of X. 
Define an endomorphism f of X by 

f (0) = 0, f (1) = 1, f(2) = 3 f (3) =2,f(4) =5,f (5) =4. 
Then dris not an f-derivation of X since 

dy (2 * 3) = de (3) = 3, 

but 

(de (2) * £(3)) A (£(2) * de (3)) = (2*2) A (3*3)=0 A 0 = 0, 
And thus d¢ (2 * 3) # (de (2) * f(3)) A (f(2) * de (3)). 





[= 2if x=0,1, Example 5.7: Let X be a BCIK-algebra as in Example 2.5. 
O otherwise, Define a map de X — X byd¢(0) = 0, de(1) = 1,d¢(2) = 3,d¢ (3) 

= 2, ds (4) = 5, dr (5) = 4, 
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Then dr is not a derivation of X since 

dy (2 * 3) = de (3) = 2, 

(dp (2) *3) A (2* de (3)) = (3 *3) A (2*2)=0 A O=0, 
And thus And thus d; (2 * 3) # (dr(2) *3) A (2 * de (3)). 
Define an endomorphism f of X by 

f (0) = 0, f (1) =1,f (2) =3, f (3) =2, f (4) =5,f (5) =4. 
Then it is easily checked that dr is an f-derivation of X. 


Remark 5.8: From Example 5.7, we know there is an f- 
derivation of X which is not a derivation of X. 


For convenience, we denote f, = 0 * (0 * f(x)) for all x € X. 
Note that f, € L p(X). 


Theorem 5.9: Let d:be a self-map of a BCIK-algebra X define 
by dg (x) = fy for all x € X. 


Then d, is an (l, r)-f-derivation of X. Moreover, if X is 
commutative, then dris an (r, ])-f-derivation of X. 


Proof. Let x, y € X 


Since 

0 * (0* (fx * f(y))) = 0 * (0 * ((0 * (0 * F(x) * f(y) 

= 0* ((0 * ((0 * f(y)) * (0 * f(x)))) 

= 0* (0 *(0* fly *x))) = 0* fly *x) 

= 0 * (f(y) * £0) = (0 * fly) * (0 * f(x) 

= (0 * (0 * f(x) * fly) = f& * fy), 

We have f, * f(y) € L p(X), and thus 

fx * f(y) = (£00 * fy) * (CFGX) * fy) * (& *£0y))), 

It follows that 

de (x * x)= fxxx = 0 * (0 * f(x*y)) = 0 * (0 * (f(x) * f(y) 
= (0 * (0 * f(x) * (0 * (0 * f(y))) = fx * fy 

= (0 * (0 *f.)) * (0 * (0 * f(y))) = 0 * (0 * (Ke * f(y) 

= fx * f(y) = (FC) * fy) * ((fCd * fy) * Ce * f(y) 

= (fe * f(y) A (FG) ” fy) = (de (X) * f(y) A (fC) * de (yD), 


And so dris an (I, r)-f-derivation of X. Now, assume that X is 
commutative. So dr (x) * f(y) and f(x) * dr (y) belong to the 
same branch x, y € X, we have 

ds (x) * f(y) = fx * fly) = (0 * (fe * f(y) 

= (0 * (0 * f,)) * (0 * (0 * f(y))) 

=f *f EV (fi * fy), 

And so fx * fx = (0 * (0 * f(x))) * (0 * (0 * f,)) = 0 * (0 * (f(x) * 
fy)) = 0 * (0 * (f(x) * de (y)) S< f(x) * de (y), which implies that 
f(x) * dr (vy) € V(fx * fx). Hence, dr (y) * f(y) and f(x) * dr (y) 
belong to the same branch, and so 


dr (x * x) = (de (x) * f(y) A (fC) * de (y)) 
= (f(x) * de(y)) A (de @) * f(y))- 


This completes the proof. 


Proposition 5.10: Let dr be a self-map of a BCIK-algebra. 

Then the following hold. 

1. If dris an (I, r)-f-derivation of X, then de (x) = dr (x) A 
f(x) for all x € X. 

2. If dris an (r, l)-f-derivation of X, then dy (x) = f (x) A dr 
(x) for all x € Xif and only if d; (0) = 0. 


Proof. 

1. Let dris an (1, 1)-f-derivation of X, Then, 

ds (x) = dr (x * 0) = (de (x) * £(0)) A (F(x) * dr (0)) 

= (dr (x) * 0) A (F(x) * de (0)) = de (x) A (F(X) * dr (0)) 
= (F(x) * de (0)) * (CCX) * de (0) * de (x) 


= (F(x) * dr (0)) * (CCX) * de (0)) * de (0)) 
< f(x) * (f(x) * dr (x)) = dr (x) A f(X). 


But de (x) A f(x) S<d¢ (x) is trivial and so (1) holds. 


2. Let d-be an (r, 1)-f-derivation of X. If dr (x) = f(x) * de (x) 
for all x € X, then for x = 0, dr (0) = f(0) * de (0) =0 A f(0) 
= ds (0) * (dr (0) * 0) = 0. 


Conversely, if dr (0) = 0, then de (x) = dr (x * 0) = (f(x) * (dr 
(0)) A (de (x) * £(0)) = 
(f(x) *0)) A (de (x) * 0) = f(x) A de (x), ending the proof. 


Proposition 5.11: Let d; be an (I, r)-f-derivation of a BCIK- 
algebra X. Then, 


1. ds (x) €L p(X), then is dr (0) = 0 * (0 * dr (x)); 

2. d¢(a) = de (0) * (0 * f(a)) = ds (0) + f(a) for alla EL p(X); 
3. dr(a) € L p(X) for alla € L p(X); 

4. dr(a+b) = ds (a) + de (b) - dr (0) for all a,b € L p(X). 


Proof. 

1. The proof follows from Proposition 5.10(1). 

2. Leta €L~,(X), then a= 0 * (0 * a), and so f(a) = 0 * (0* 
f(a)), that is, f(b) € L p(X). 


Hence 

d; (a) = di(0 * (0 * a)) 

= (d-(0) * f(0 * a)) A (f(O) * ds(0 * a)) 

= (di(0) *£(0 * a)) A (0 * di(0 * a)) 

= (0 * di(0 * a)) * ((0 * di(O * a)) * (de (0) * F(0 * a))) 
= (0 * di(0 * a)) * ((0 * (ds(0) * £(0 * a))) * di(0 * a)) 
= 0 * (0 * (d(0) * (0 * f(a)))) 

= d,(0) * (0 * f(a)) = ds(0) + f(a). 


3. The proof follows directly from (2). 


4, Leta,b€L,(X). Note that a + b € L,(X), so from (2), we 
note that 


dy (a + b) = di{0) + f(a) + ds(0) + f(b) - ds(0) = di(a) + d:(0) - 
di(0). 


Proposition 5.12: Let d; be a (r, 1)-f-derivation of a BCIK- 
algebra X. Then, 


1. ds (a) € G(X) for all a € G(X); 

2. dr(a) € L p(X) for all a € G(X); 

3.  de(a) = f(a) * de (0) = f(a) + de (a) for all a, b € L p(X); 
4. d¢(a +b) = de (a) + de (b) - de (0) for alla, b E L p(X). 


Proof. 

1. For any a € G(X), we have d; (a) = dr (0 * a) = (f(0) * de 
(a)) A (dr(0) + f(a)) 

= (d¢(0) + f(a)) * ((ds(0) + f(a)) * (0 * de(0))) = 0 * di(0), and so 

di(a) € G(X). 


2. Foranya€L,(X), we get 

dr (a) = dr (0 * (0 * a)) = (0 * de (0 *a)) A (dr(0) * f(0 *a)) 
= (de(0) * F(0 * a)) * ((de(0) * £(0 * a)) * (0 * de(0 * a))) 

= 0 *d;(0 * a) EL ,(X). 


3. Foranya€L,(X), we get 

dr (a) = dr (a * 0) = (f(a) * de(0)) A (dr(a) * £(0)) 
= dr (a) * (dr (a) * (f(a) * de (0))) = fa) * dr (0) 

= f(a) * (0 * dr (0)) = f(a) + de (a). 


4. The proof from (3). This completes the proof. 

Using Proposition 5.12, we know there is an (1,r)-f-derivation 
which is not an (r,l)-f-derivation as shown in the following 
example. 
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Example 5.13: Let Z be the set of all integers and “-“ the 
minus operation on Z. Then (Z, -, 0) is a BCIK-algebra. Let de: 
X — X be defined by d; (x) = f(x) - 1 for all x € Z. 


Then, (dr (x) - f(y)) A (fGd - dre(y)) = GQ -1- fy) A FR) 
- (f(y) - 1)) 

= (f(x-Y)-1) A (f(k-y) + 1) 

= (f(x- Y)+1)-2=f(x-Y)-1 

= dr (x- y). 

Hence, dris an (I, r)-f-derivation of X. But ds (0) = f((0) -1 =-1 
# 1= f(0) - ds (0) = 0 - ds (0), 


thatis, dr(0) € G(X). Therefore, dris not an (r, l)-f-derivation 
of X by Proposition 2.12(1). 


6. Regular f-derivations 
Definition 6.1: An f-derivation d; of a BCIK-algebra X is said 
to be a regular if d; (0) = 0 


Remark 6.2: we know that the f-derivations ds in Example 
5.5 and 5.7 are regular. 


Proposition 6.3: Let X be a commutative BCIK-algebra and 

let dp be a regular (r, 1)-f-derivation of X. Then the following 

hold. 

1. Both f(x) and d; (x) belong to the same branch for all x € 
X 


2. dis an (I, r)-f-derivation of X. 


Proof. 

1. Letx€X. Then, 

O = dr (0) = de (ax * x) 

= (fC ax) * de (x)) A (de (ax) * 0x) 

= (dr (ax) * f(x) * (de (ax) * £09) * (FG) * de (ax))) 

= (de (ax) * £0) * (Cdr (ax) * £0) * (FX) * de (ax))) 

= f * de (ax) since fy * dr (ax) € L p(X), 

And so fx Sd; (x). This shows that dg (x) € V(X), Clearly, f(x) € 

V(X). 

2. By (1), we have f(x) * dr (y) € V(fx * fy ) and ds (x) * f(y) € 
V(fx * fy ). Thus 


dr (x * y) = (f(x) * de (y)) A (de (XD * f(y) = (de () * f(y) A 
(f(x) * dr (y)), which implies that 


dris an (I, r)-f-derivation of X. 


Remark 6.4: The f-derivations drin Examples 5.5 and 5.7 are 
regular f-derivations but we know that the (I, r)-f-derivation 
dr; in Example 5.2 is not regular. In the following, we give 
some properties of regular f-derivations. 


Definition 6.5: Let X be a BCIK-algebra. Then define kerds= 
{x € X / de (x) = 0 for all f-derivations dj}. 


Proposition 6.6: Let d; be an f-derivation of a BCIK-algebra 

X. Then the following hold: 

1. de(x) S f(x) for all x € X; 

2. de (x) * f(y) S f(x) * de (y) for all x, y EX; 

3. de (x * y) = de (x) * f(y) Sde (x) * de (y) for all x, y € X; 

4. kerdsis a sub algebra of X. Especially, if fis monic, then 
kerdsC Xi. 


Proof. 
1. The proof follows by Proposition 5.10(2). 


2. Since dr (x) S f(x) for all x € X, then de (x) * f(y) S f(x) * 
f(y) S f(x) * de (y). 


3. For any x, y € X, we have 


de (x * y) = (f(x) * de (y)) A (de GX) * f(y) 

= (de (x) * f(y)) * (Cdr Gd) * f(y) * FG) * de (y))) 

= (ds (x) * f(y)) * 0 = de (x) * f(y) Sde (x) * de (y), 

Which proves (3). 

4. Let x, y € kerds, then dr (x) = 0 = dr (y), and so dy (x * y) 
<d¢ (x) * dr (y) = 0 * 0 = 0 by (3), 

and thus dr (x * y) = 0, that is, x * y € kerds, then 0 = dr(x) S 

f(x) by (1), and so f(x) € X., 

that is, 0 * f(x) = 0, and thus f(0 * x) = f(x), which that 0 * x = 

x, and sox € X,, thatis, 


kerdsC Xs. 


Theorem 6.7: Let be monic of a commutative BCIK-algebra 
X. Then X is p-semi simple if and only if 


kerd; = {0} for every regular f-derivation d; of X. 


Proof. 
Assume that X is p-semi simple BCIK-algebra and let dsbea 
regular f-derivation of X. Then X. = {0}, and 


So kerds = {0} by using Proposition 6.6(4), Conversely, let 
kerd;= {0} for every regular f-derivation d; of X. Define a self- 
map dof X by d*;(0) = f, for all x € X. Using Theorem 5.9, d’fis 
an f-derivation of X. Clearly, d*(0) = fo = 0 * (0 * f(0)) = 0, and 
so dis a regular f-derivation of X. It follows from the 
hypothesis that ker d*s= {0}. In addition, d*; (x) = f, = 0 * (0 * 
f(x)) = f(0 * (0 * x)) = f(0) = 0 for all x € X., and thus x € ker 
d*;. Hence, by Proposition 6.6(4), X. € ker d*;= {0}. Therefore, 
X is p-semi simple. 

Definition 6.8: An ideal A of a BCIK-algebra X is said to be an 
f-ideal if f(A) C A. 


Definition 6.9: Let drbe a self-map of a BCIK-algebra X. An f- 
ideal A of X is said to be dy -invariant if 
di(a) € A. 


Theorem 6.10: Let ds be a regular (r, 1)-f-derivation of a 
BCIK-algebra X, then every f-ideal A of X is 


d;(A) CA. 


Theorem 6.11: Let dr be a regular (r, 1)-f-derivation of a 
BCIK-algebra X, then every f-ideal A of X is 


d¢ -invariant. 


Proof. 
By Proposition 6.10(2), we have d(x) = f(x) A de(x) S f(x) 
for all x € X. Let y € dr(A). Let y € ds(A). 


Then y = d;(x) for some x € A. It follows that y * f(x) = de(x) * 
f(x) = 0 EA. Since x € A, then 


f(x) € f(A) C Aas Ais an f-ideal. It follows thaty € Asince A 
is an ideal of X. Hence d((A) C A, 


and thus A is d¢- invariant. 


Theorem 6.12: Let drbe an f-derivation of a BCIK-algebra X. 
Then d; is regular if and only if every f-ideal of X is dr 
invariant. 


Proof. Let d;be a derivation of a BCIK-algebra X and assume 
that every f-ideal of X is dy-invariant. Then 


Since the zero ideal {0} is f-ideal and d;-invariant, we have dt 
({0}) < {0}, which implies that d,(0) = 0. 
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Thus drs is regular. Combining this and Theorem 6.10, we 
complete the proof. 


7. Regularity of generalized derivations 
To develop our main results, the following: 


Definition 7.1: [8]. Let 9 and @ be two endomorphisms of 
X. A self-map di 8, @): X —Xis called 


1. Aninside (0, @ )-derivation of 
(V xye X)(dO,9) (x* y) = (d(0,G)(x)* A(y)) A (6 @)* 
dO, 0)(y))), 


2. An outside ( 0.9 )-derivation of X if it satisfies: 

(Vx y © X) (6,6) (k * y) = (OW) * 46,0) 

(VIA (4.0, 6) (&) * OC), 

3. A (0,@)-derivation of X if it is both inside (0,@)- 
derivation and an outside (0, @ )-derivation . 


Example 7.2: [8]. Consider a BCIK- algebra X= {0,a,b} with 
the following Cayley table: 
































*!10};alb 

0/;0|0)b 

ajla|0Oj}b 

b}|bj)b {0 
Define a map 

bif xe {0,a}, 
d(0,0):X AX xh ‘ 

Oif x=b, 


and define two endomorphisms 
Oif xe {0,a}, 


O:X DX xbh 
bif x=b, 


And @:X —Xsuch that 0 (x) =x forall x € X. 


It is routine to verify that di @, p) is both an inside (0,0 )- 


derivation and an outside ( 0, @ )-derivation of X. 


Lemma 7.3: [8]. For any outside (0, @ )-derivationd: 0, Q) of 
a BCIK-algebra X, the following are equivalent: 

1. (Vx X) (40,6) (&) = 9(%) Ad 8,9) ()) 

2. dc @,Q) (0) =0. 


Definition 7.4: Let d( @, @): X —>X bean inside (or out side) 
(0, @ )-derivation of a BCIK-algebra X. Then d 0, jis said to 
be regular if dc @, @) (0) = 0. 


Example 7.5: The inside (or outside) (0, @)-derivationd 
(@, @) of Xin Example 7.2. is not regular. 


Proposition 7.6: Let d(@,g@jbe a regular outside( 0, @ )- 
derivation of a BCIK-algebra X. Then 
1. Both O(x) andd( 8, ~ ) (x) belong to the same branch for 


allx EX. 
2. (Vxe X) (d( 0,0) (x < A(x). 


3. (Vxye X) (dc, 0) (x) * A(y)S A(x) * dO, d) (y)). 


Proof. 
1. Forany x € X, we get 


0 = dO, 0)= 40, O) (ax * x) 

= (O(ax) * (8,0) (X)) A ((d8, 0) (ax) * O (9) 

= ((d( , b) (ax) * & (x) * ((dc 0, b) (ax) * @ (x) * (A (ax) * 
dA, @) (x)) 


Since @ (ax) * dc, @) (x) € Lp(X). Hence (ax) < dc, P) (x), 
and so dc, @)€ V(@ (ax)). 


2. Since d(@,@) is regular, d(@,@) = 0. It follows from 
Lemma 7.3. that 
d( 8,0) (x) = A(x) Ad, ) (x) S A(R). 


3. Since d( A, @) (x) < A(x) for all x € X, we have 

dc 6, 0) (x)* O(y) S O(x)* O(y) S$ A(x) * dO, ) (y) 

If we take 9=@= f in proposition 7.6, then we have the 
following corollary. 


Corollary 7.7: [6]. If dr is a regular (r, 1)-f-derivation of a 
BCIK-algebra X, then both f(x) and d;(x) belong to the same 
branch for allx € X. 


Now we provide conditions for an inside (or outside) 


(0, @ )-derivation to be regular. 


Theorem 7.8: Let di 9, @) be an inside ( 0, @ )-derivationof a 
BCIK-algebra X. If there exists ac X such that 

dc A, p) (x) * O(a) = 0 for all x € X, then d @, dis regular. 
Proof. Assume that there exists ac X such that d( 0, @) (x) * 
@ (a) = 0 for all x € X. Then 

0=d 6, p) (x*a)=((d( , Oi(x)* O(a) A O (&)*d( 4, @  (a)))*a 
=(0 A (P(x) * dA, @) (a)) *a=0*a, 


And so dc 8, @) (0) = d( 8, B) (0 * x) = (dc A, d) (0) * A(a)) = 
0. Hence d: 8, @) is regular. 


Theorem 7.9: If Xis a BCIK-algebra, then every inside (or 
outside) (0, @ )-derivation of X is regular. 


Proof. Let di @, @) be an inside ( 8, @ )-derivation ofa BCIK— 
algebra. Then 


dc A, B) (0) = dO, p) (0 * x) 

= (dA, ) (0)* AW)A (910) Ad4, 6) (&) 

= (dc, p) (0) * A(x) A 0=0. 

Ifd( @, @) is an outside ( 0, @ )-derivation ofa BCIK—algebra 
X, then 

d( A, @) (0) = dc A, @) (0 * x) 

= (8(0) * 48,9) (x) A (dA, 0) (0) * (x) 

=0 A (dc, @) (0) * O(x)) = 0. 


Hence d: 8, @) is regular. 


To prove our results, we define the following notions: 


Definition 7.10: For an inside (or outside) (0,@)- 
derivationd (0, @) of a BCIK-algebra X, we say that an ideal A 
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of X, we say that an ideal A of Xis a 9 -ideal (resp. @ -ideal) if 
A (A) C A(resp. 6 (A) C A). 

Definition 7.11: For an inside (or outside) (6,@)- 
derivationd (0, Q ) of a BCIK-algebra X, we say that an ideal A 
of X, we say that an ideal A of X is d(@,@)-invariant if 
d0,@)C A. 

Example 7.12: Let d 0, @) be an outside ( 0, @ )-derivation 


ofX which is described Example 7.2. we know that A := {0,a} 
is botha @ -ideal and @ -ideal of X. But A := {0,a} is an ideal 


of X which is not d: 0, @ )-invariant. 


Theorem 7.13: Let d 0, @) bea outside ( 0, @ )-derivation of 
a BCIK-algebra X. Then every @ -ideal of X is d 0,0)- 
invariant. 

Proof. Let A be a @ -ideal of X. Since dc 0,0) is regular, it 
follows from Lemma 7.3 that d(@,6) = O(x) Ad(6,) 
(x) $ A(x) forallx € X.Letye Xbesuch thatye dA, Q) (A). 
Then y = d(@,@)(x) for some x € A. Thus y *@(x) = 
dO, 0)(x) * O(x) =0€ A. 

Note that 9(x)€ O(A) C A. Since A is an ideal of X, it follows 
that ye Aso that d(@,@)(A) © A. Therefore A is d( 8, @)- 
invariant. 

If we take 9=@= 1x in Theorem 7.13. 1x is the identity 
map, then we have the following corollary. 


Corollary 7.14: [4]. Let d be a regular (r, 1)-derivation of a 
BCIK-algebra X. Then every ideal of X is d-invariant. 


If we take 0=o= fin Theorem 3.13, then we have the 
following corollary. 

Corollary 7.15: [6]. Let dpbe a regular (r, 1)-f-derivation ofa 
BCIK-algebra X. Then every f-ideal of X is di @, @ )-invariant. 
Theorem 7.16: Let dQ, @) be an outside ( 0, @ )-derivation 
of a BCIK-algebra X. If every @ -ideal of X is d 0,0)- 


invariant, then d 0, ~) is regular. 


Proof. Assume that every @-ideal of X is d0, @ )-invariant. 
Since the zero ideal {0} is clearly @ -ideal and d, 0,0)- 
invariant, we have d( 8, @)({0}) € {0}, and so 


d (6, @) = 0. Hence di @, @) is regular. 


Combining Theorem 7.13. and 7.16, we have a 
characterization of a regular outside ( 0, @ )-derivation. 


Theorem 7.17: For an outside ( 0, @ )-derivationd; 0, g jofa 


BCIK-algebra X, the following are equivalent: 
1. d(0,@) is regular. 


2. Every @ -ideal of Xis d @, @)-invariant. 


If we take 9=@= 1x in Theorem 3.17. where 1x is the 
identity map, then we have the following corollary. 


Corollary 7.18: [4]. Let d be an (r, ])-derivation of a BCIK- 
algebra X. Then dis regular if and only if every ideal of X is d- 
invariant. 


If we take 9=9= f in Theorem 3.17, then we have the 
following corollary. 


Corollary 7.19: [6]. For an (r, 1)-f-derivation ds of a BCIK- 
algebra X, the following are equivalent: 

1. dris regular. 

2. Every f-ideal of X is ds-invarient. 


CONCULUTION 
In this present paper, we have consider the notions of 
regular inside (or outside) (@,@)-derivation, 0-ideal, @ - 


ideal and invariant inside (or outside) (8, @ )-derivation ofa 


BCIK-algebra, and investigated related properties. The 
theory of derivations of algebraic structures is a direct 
descendant of the development of classical Galosis theory. In 
our opinion, these definitions and main results can be 
similarly extended to some other algebraic system such as 
subtraction algebras, B-algebras, MV-algebras, d-algebras, Q- 
algebras and so forth. 


In our future study the notion of regular (8, @)-derivation 

on various algebraic structures which may have a lot 

applications (0@,@)-derivation BCIK-algebra, may be the 

following topics should be considered: 

1. To find the generalized (0,@)-derivation of BCIK- 
algebra, 

2. Tofind more resultin (0, @ )-derivation of BCIK-algebra 


and its applications, 
3. To find the (0, @ )-derivation of B-algebras, Q-algebras, 
subtraction algebras, d-algebra and so forth. 
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